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Abstract
In this paper, a class of singularly perturbed parabolic equations with discontinuous data is examined.
Interior layers appear in the solutions of problems in this class. A numerical method is constructed for
this class of problems which involves an appropriate piecewise-uniform mesh. The method is shown to be
uniformly convergent with respect to the singular perturbation parameter.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
Parameter-uniform numerical methods, which are based on a priori layer-adapted non-uniform
meshes, applied to singularly perturbed problems are of current interest [3,5,7]. The simplest class
of these non-uniform meshes are ;tted piecewise-uniform meshes, which were ;rst introduced in
[8,9]. Most of the current literature on piecewise-uniform meshes has concentrated on problems
with boundary layers in their solutions. In this paper, we construct and analyse parameter-uniform
numerical methods, based on piecewise-uniform meshes, for a class of singularly perturbed parabolic
di>erential equations, whose solutions exhibit interior layers. The interior layers are a result of the
presence of a discontinuous coe?cient of the ;rst space derivative.
In Section 2, a transformation is introduced so that the position of the interior layer (in the
transformed domain) is ;xed in time. In Section 3, the solution is decomposed into regular and
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singular components and parameter-explicit bounds on the derivatives of these components are given.
The numerical method is given in Section 4 and the convergence behaviour of its approximations is
outlined in Section 5. Numerical results are presented in the ;nal section for one sample problem,
to illustrate the parameter-uniform convergence of the numerical approximations generated by this
method.
2. Continuous problem
Consider the following singularly perturbed parabolic di>erential equation
(yss + p1ys − q1y − r1yt)(s; t) = f1(s; t); (1a)
(s; t)∈ (0; 1) \ {d(t)} × (0; T ]; (1b)
where
0¡d(t)¡ 1; 06 t6T; (1c)
and 0¡6 1 is the perturbation parameter. We assume that the data p1; q1; r1; f1 are su?ciently
smooth away from the potential points of discontinuity C = {(s; t) | s = d(t)}. Consider the map
x : (s; t)→ (x; t) given by
x(s; t) =


d(0)
d(t)
s; s6d(t);
1− 1− d(0)
1− d(t) (1− s); s¿d(t);
and the notation g(x; t) = g1(s(x; t); t). Using this map, the di>erential equation transforms, for
x¡d(0), into
(yss + p1ys − q1y − r1yt)(s; t) =
(
d(0)
d(t)
)2
(uxx + a(x; t)ux)− (qu+ rut) = f(x; t);
where
a(x; t) = a1(x; t) =
(
d(t)
d(0)
)(
p+
d′(t)
d(0)
rx
)
;
and for x¿d(0)
(yss + p1ys − q1y − r1yt)(s; t) =
(
1− d(0)
1− d(t)
)2
(uxx + a(x; t)ux)− (qu+ rut) = f(x; t);
where
a(x; t) = a2(x; t) =
(
1− d(t)
1− d(0)
)(
p+
d′(t)
1− d(0)r(1− x)
)
:
E. O’Riordan, G.I. Shishkin / Journal of Computational and Applied Mathematics 166 (2004) 233–245 235
We employ this transformation so that the location of the discontinuity is ;xed in time at x =
d(0). The location of the interior layer on the original domain is embedded into the coe?cients of
the transformed problem. We will impose restrictions on the path of the discontinuity so that the
transformed problem maintains the same sign pattern of the coe?cient of the convective term, as in
the original domain. Note also that we will assume the path is su?ciently smooth (d∈C3) so that
the coe?cients in the transformed class are smooth.
In [1,2], the associated steady-state problem was examined. Interior layers can appear in the
solutions of these problems. An interior layer is a weak interior layer if∣∣∣∣
∣∣∣∣9u9s
∣∣∣∣
∣∣∣∣6C;
∣∣∣∣
∣∣∣∣92u9s2
∣∣∣∣
∣∣∣∣6C−p; p¿ 0:
In (1), the interior layer is a weak interior layer when a¿ 0 (or a¡ 0) at all points in the domain
away from the points of discontinuity. For weak interior layers to exist in the solutions of (1), we
require that a(x; t)¿ 0 (or a(x; t)¡ 0). This is guaranteed if
r(x; t)d′(t) + p(x; t)¿ 0; and p(x; t)¿ 0; (x; t)∈ (0; 1) \ {d(t)} × (0; T ]:
(Also, r(x; t)d′(t) + p(x; t)¡ 0, and p(x; t)¡ 0, (x; t)∈ (0; 1) \ {d(t)} × (0; T ]). In this paper, we
will not examine weak interior layers. An interior layer is a strong interior layer if∣∣∣∣
∣∣∣∣9u9s
∣∣∣∣
∣∣∣∣6C−p; p¿ 0:
Strong interior layers appear in the solutions of (1), when the coe?cients in the transformed problem
class satisfy a1(x; t)¡ 0 and a2(x; t)¿ 0, which is guaranteed if
−p2(x; t)¡r(x; t)d′(t)¡p1(x; t); p1(x; t)¿ 0; p2(x; t)¿ 0 (2)
where p(x; t) = −p1(x; t), x¡d(t) and p(x; t) = p2(x; t), x¿d(t). In this paper, we will examine
a problem class whose solutions contain strong interior layers. Under assumption (2), we can now
state an equivalent problem. First we introduce some notation.
Notation: The domains are denoted by
 = (0; 1); − = (0; d); + = (d; 1); d= d(0);
G =  × (0; T ]; G− = − × (0; T ]; G+ = + × (0; T ]:
We say that a function w(x; t) de;ned on G is Holder continuous of order  on G, ∈ (0; 1], if and
only if w∈C0(G) and
sup
(x1 ; t1);(x2 ; t2)
|w(x1; t1)− w(x2; t2)|
((x1 − x2)2 + |t1 − t2|)=2 ;
is ;nite. We denote this by w∈C(G). For each integer n¿ 0,
w∈Cn+(G) if 9
k+mw
9xk9tm ∈C
(G); 06 k + 2m6 n:
We now state the problem class we will examine in this paper.
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Find u∈C1+(G) ∩ C2+(G− ∪ G+), where
(uxx + aux − bu− cut)(x; t) = f(x; t); (x; t)∈G− ∪ G+; (3a)
u(0; t) = h(t); u(1; t) = k(t); u(x; 0) = g(x); 06 x6 1; (3b)
a(x; t) =−a1(x; t)¡− 3¡ 0; x¡d; (3c)
a(x; t) = a2(x; t)¿4¿ 0; x¿d; (3d)
b¿  1¿ 0; c¿ !1¿ 0: (3e)
and a; b; c; f∈C4+(G− ∪ G+) and h; k; g and f satisfy su?cient compatibility at the two corners
(0; 0); (1; 0) and at the transition corner point (d; 0).
3. A priori bounds on the solution of the continuous problem
Let L denote the di>erential operator occurring in (3), which is de;ned as
L!(x; t) = !xx + a(x; t)!x − b(x; t)!− c(x; t)!t:
Then L satis;es the following comparison principle on LG.
Theorem 3.1. Suppose that a function !∈C0( LG) ∩ C2(G− ∪ G+) satis5es
!(x; t)6 0; (x; t)∈ LG \ G; [!x](d; t)¿ 0; t ¿ 0
L!(x; t)¿ 0; for all (x; t)∈G− ∪ G+;
then !(x; t)6 0; for all (x; t)∈ LG:
Proof. Assume that w(p˜)¿ 0, at some point p˜∈ LG. Consider the function v(x; t), de;ned by
!(x; t) = e−((x)|x−d|)=(2)v(x; t)
where (x) = 3, x¡d, (x) = 4, x¿d. Let q˜ be a point at which v attains its maximum value
in LG. If q˜∈G− ∪ G+, then L!(˜q)¡ 0, which is a contradiction. If q˜ = (d; t1) then [!x](d; t1) =
[vx](d; t1)− [(1 + 2)=2]v(d; t1)¡ 0, which is also a contradiction.
An immediate consequence of the comparison principle is the following stability result, which
implies uniqueness of the solution.
Lemma 3.2. Let u be a solution of (3), then
‖u‖ LG6 ‖u‖∞;9G +
1
'
‖f‖∞; LG;
where '= min
{
3
d ;
4
1−d
}
.
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Proof. Use the barrier function )±(x; t) = −‖u‖∞;9G − x‖f‖'d ± u(x; t), x6d and )±(x; t) =−‖u‖∞;9G − (1− x)‖f‖='(1− d)± u(x; t), x¿d.
Consider the following decomposition of the solution u= v+w into a regular component v and
an interior layer component w. We de;ne the discontinuous function v by
Lv = f; (x; t)∈G− ∪ G+; (4a)
v(0; t) = u(0; t); v(d−; t) = g1(t); (4b)
v(d+; t) = g2(t); v(1; t) = u(1; t); (4c)
v(x; 0) = u(x; 0); (4d)
where v(d±; t)= limx→d±0 v(x; t) and g1(t) and g2(t) are to be suitably speci;ed below. De;ne the
discontinuous function w, which is the singular component of the decomposition, as follows
Lw = 0; (x; t)∈G− ∪ G+; (5a)
w(0; t) = w(1; t) = 0; w(x; 0) = 0; (5b)
[w](d; t) =−[v](d; t); [(w)x](d; t) =−[(v)x](d; t): (5c)
Hence w(d−; t)=u(d−; t)− v(d−; t) and w(d+; t)=u(d+; t)− v(d+; t). Note that since there is a
unique solution to (3), then u=v+w. It is also worth noting that both v and w are discontinuous
at x = d, t ¿ 0, but their sum is in C1+(G).
Theorem 3.3. For any integers k; m, satisfying 06 k + m6 2, smooth functions g1(t); g2(t) exist
such that the solutions v and w of (4) and (5), respectively, satisfy the following bounds:∣∣∣∣ 9k+mv9xk9tm (x; t)
∣∣∣∣6C; 06 k + m6 2;∣∣∣∣93v9x3 (x; t)
∣∣∣∣6C−1; (x; t)∈G− ∪ G+
|[v](d; t)|; |[(v)x](d; t)|; |[(v)xx](d; t)|6C∣∣∣∣9k+mw9xk9tm (x; t)
∣∣∣∣6
{
C(−ke−(d−x)3=); (x; t)∈G−
C(−ke−(x−d)4=); (x; t)∈G+
∣∣∣∣93w9x3 (x; t)
∣∣∣∣6
{
C(−3e−(d−x)3=); (x; t)∈G−
C(−3e−(x−d)4=); (x; t)∈G+;
where C is a constant independent of .
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Proof. Note that if there is no discontinuity in the data of (1) and p(x; t)¿ ¿ 0, (x; t)∈ LG, then
su?cient compatibility and smoothness restrictions can be imposed on the data (see [4] or [10]) so
that the following bounds on all of the ;rst and second derivatives of the solution are valid∣∣∣∣9k+mu9xk9tm (x; t)
∣∣∣∣6C(1 + −ke−x=); (x; t)∈G; 06 k + m6 2: (6)
These -explicit bounds on the ;rst two space derivatives, show that away from the side x = 0, the
derivatives are bounded independent of .
We can now de;ne an extended domain G∗ = (−1; 1) and extensions to the data a∗; b∗; c∗; f∗; g∗
so that f∗ = f, (x; t)∈G. De;ne v∗ to be the solution of the problem
L∗ v
∗ = f∗; (x; t)∈G∗ v∗(x; 0) = g∗(x); v∗(1; t) = u(1; t); v∗(−1; t) = 0:
Note that there are no di?culties with compatibility conditions near the corner (−1; 0), as we are
free to design the extensions g∗; f∗ so that g∗(x) = f∗(x) ≡ 0 in a neighbourhood of this corner.
At the in9ow corner (0; 1), the extra compatibility conditions given in [10] are required. From the
above bounds (6) on the extended domain, we have that∣∣∣∣9k+mv∗9xk9tm (x; t)
∣∣∣∣6C; (x; t)∈G; 06 k + m6 2:
We now de;ne the regular component of the solution to be the solution of
Lv= f; (x; t)∈G v(x; 0) = u(x; 0); v(1; t) = u(1; t); v(0; t) = v∗(0; t):
We have thus∣∣∣∣ 9k+mv9xk9tm (x; t)
∣∣∣∣6C; 06 k + m6 2;
and using the di>erential equation we get that∣∣∣∣93v9x3 (x; t)
∣∣∣∣6C−1; (x; t)∈G:
Hence, in the case of smooth data and with p(x; t)¿ ¿ 0, boundary values can be speci;ed along
the side x=0, so that all the partial derivatives up to second order of the regular component v(x; t) are
bounded independently of . In the case of problem (3), apply the above argument to the subregions
G+; G− separately. The bounds on v are then established. Using the obvious barrier functions on
G− and G+ separately, the bound on w is established. Follow the arguments given in [6] to obtain
the bounds on the derivatives of w, which completes the proof.
4. Numerical method
A ;tted mesh method for problems from the above class is now introduced (see [3] for motivation
for this choice of mesh). On  a piecewise-uniform mesh of N mesh intervals is constructed as
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follows. The domain L is subdivided into the four subintervals
[0; d− +1] ∪ [d− +1; d] ∪ [d; d+ +2] ∪ [d+ +2; 1]; (7a)
for some +1; +2 that satisfy 0¡+16d=2, 0¡+26 (1− d)=2. On each subinterval a uniform mesh
with N=4 mesh-intervals is placed. The interior points of the mesh are denoted by
N =
{
xi : 16 i6
N
2
− 1
}
∪
{
xi :
N
2
+ 16 i6N − 1
}
: (7b)
Clearly xN=2 = d and LN = {xi}N0 . Note that this mesh is a uniform mesh when +1 = d=2 and
+2 = (1 − d)=2. It is ;tted to the singular perturbation problem by choosing +1 and +2 to be the
following functions of N and :
+1 = min
{
d
2
;


lnN
}
; +2 = min
{
1− d
2
;


lnN
}
; (7c)
where
=min{3; 4}: (7d)
We use a uniform mesh in the time direction
SN = {tj; tj = jT=N}Nj=1:
Note that it is only for notational simplicity that we take a uniform mesh in time, with N time
intervals. The same analysis applies for an arbitrary mesh (maxj tj+1 − tj6CM−1) in time with M
time intervals.
Our piecewise-uniform ;tted mesh is denoted by
GN = 
N
 × SN : (8)
On the piecewise-uniform mesh LGN a standard implicit upwind ;nite di>erence operator is used.
Then the ;tted mesh method is
LN U(xi; tj) = f(xi; tj); (xi; tj)∈GN ; (9a)
LN U = !
2
xU + aDxU − bU − cD−t U; (9b)
U(0; tj) = u(0; tj); U(1; tj) = u(1; tj); j ¿ 0; (9c)
U(xi; 0) = u(xi; 0); i = 0; : : : ; N; (9d)
D−x U(xN
2
; tj) = D+x U(xN
2
; tj); j = 1; : : : ; N; (9e)
where
!2xZi =
2(D+x Zi − D−x Zi)
xi+1 − xi−1 and DxZi =
{
D−x Zi; i¡N=2;
D+x Zi; i¿N=2;
where D+x and D
−
x are the standard forward and backward ;nite di>erence operators in space, respec-
tively. The following lemma shows that the ;nite di>erence operator LN has properties analogous to
those of the di>erential operator L.
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Lemma 4.1. Suppose that a mesh function Z satis5es
Z6 0; (xi; tj)∈ LGN \ GN ; LN Z(xi; tj)¿ 0 for all (xi; tj)∈GN ;
and D+x Z(d; tj)− D−x Z(d; tj)¿ 0; j = 1; 2; : : : ; N
then Z(xi; tj)6 0 for all (xi; tj)∈ LGN :
Proof. Assume that Z(xp; tq) = maxGN Z ¿ 0. Treat the cases of xp = d and xp = d separately to
arrive at a contradiction to either LN Z(xi; tj)¿ 0 or D
+
x Z(d; tj)− D−x Z(d; tj)¿ 0.
Lemma 4.2. If U is the discrete solution, then
|U(d; t)|6C;
where C is a constant independent of  and N .
5. Error analysis
De;ne the mesh functions VL and VR to be the solutions of the following discrete problems
LN VL = f(xi; tj); for all (xi; tj)∈GN ∩ G−; (10a)
VL(0; tj) = v(0; tj); VL(d; tj) = v(d−; tj); tj ¿ 0; (10b)
VL(xi; 0) = v(xi; 0); xi6d; (10c)
and
LN VR = f(xi; tj) for all (xi; tj)∈GN ∩ G+; (10d)
VR(1; tj) = v(1; tj); VR(d; tj) = v(d+; tj); tj ¿ 0; (10e)
VR(xi; 0) = v(xi; 0); xi¿d: (10f)
Using the following barrier functions, separately, on the appropriate sides of the discontinuity,
−C xiN
−1
d
; −C (1− xi)N
−1
1− d ;
one can easily deduce the following error bounds:
|VL(xi; tj)− v(xi; tj)|6CN−1xi; (xi; tj)∈GN ∩ G−; (11a)
|VR(xi; tj)− v(xi; tj)|6CN−1(1− xi); (xi; tj)∈GN ∩ G+: (11b)
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De;ne the mesh functions WL : LGN ∩ [0; d]→ R and WR : LGN ∩ [d; 1]→ R to be the solutions of the
following system of ;nite di>erence equations:
LN WL = 0; for all (xi; tj)∈GN ∩ G−; (12a)
LN WR = 0; for all (xi; tj)∈GN ∩ G+; (12b)
WL(0; tj) = 0; WL(xi; 0) = 0; xi6d; (12c)
WR(xi; 0) = 0; xi¿d; WR(1; tj) = 0; (12d)
WR(d; tj) + VR(d; tj) =WL(d; tj) + VL(d; tj); (12e)
D+x WR(d; tj) + D
+
x VR(d; tj) = D
−
x WL(d; tj) + D
−
x VL(d; tj): (12f)
Note that we can de;ne U to be
U =


VL(xi) +WL(xi); xi ∈GN ∩ G−;
VL(d) +WL(d) = VR(d) +WR(d); xi = d;
WR(xi) + VR(xi); xi ∈GN ∩ G+:
By Lemma 3.2, |U(d; tj)|6C and with Theorem 2.3, one easily deduces that
|WL(d; tj)|6C and |WR(d; tj)|6C:
We now state the main theoretical result in this paper.
Theorem 5.1. The solutions u and U of (3) and (9) satisfy the following bound:
‖ LU − u‖ LG6CN−1(lnN )2;
where LU is the piecewise linear interpolant of U on LG and C is a constant independent of N and .
Proof. If the parameters  and N are such that the mesh on some side of the discontinuity is a
uniform mesh, then −16C lnN . In this case, we have the following truncation error bound for
xi = d:
|LN (U − u)|6C
N−1
2
+ CN−16CN−1(lnN )2;
and for xi = d
|(D+x − D−x )(U − u)|= | − (D+x − D−x )(u) + [ux]|6C
N−1
2
6CN−1(lnN )2:
Use the barrier function
)1(xi; t) =−CN−1(lnN )2


xi
d
; xi6d;
(1− xi)
(1− d) ; xi¿d;
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and the discrete comparison principle applied over the entire domain to establish the nodal error
estimate
|(U − u)(xi; tj)|6CN−1(lnN )2; when −16C lnN:
For the remainder of the proof, we deal with the case of +=+1 =+2 =(=) lnN . Consider the mesh
function LWL, which is the solution of the di>erence equation
(!2x − 3Dx) LWL(xi) = 0; xi ∈ (0; d);
LWL(0) = 0; LWL(d) = 1:
Using this as a barrier function and the arguments in [3, Chapter 3] for the bound LWL(d−+)6CN−1,
we have
|WL(xi; tj)|6 |WL(d; tj)| | LWL(xi)|6CN−1; xi6d− +: (13)
For xi6d− +, we then have the error bound
|WL(xi; tj)− w(xi; tj)|6 |WL(xi; tj)|+ |w(xi; tj)|6CN−1: (14a)
Similarly, for xi¿d+ +, we obtain
|WR(xi; tj)− w(xi; tj)|6CN−1: (14b)
Combining this with the error bounds (11) on the regular component gives
|U(xi; tj)− u(xi; tj)|6CN−1 for xi6d− + and for xi¿d+ +: (15)
For the neighbourhood of the discontinuity [d − +; d + +], the classical stability and consistency
argument is used with the fact that
xi+1 − xi

6C
+N−1

:
Inside the region (d− +; d+ +), this yields the following truncation error bound, for xi = d,
|LN (U − u)|6C
+N−1
2
+ CN−1
and for xi = d
|(D+x − D−x )(U − u)|6C
+N−1
2
:
Use the barrier function
)2(xi; t) =−CN−1 − C +N
−1
2
{
xi − (d− +); d− +¡xi6d;
d+ + − xi; d6 xi ¡d+ +
to get the nodal error bound
|(U − u)(xi; tj)|6CN−1(lnN )2:
Follow the arguments in [3, Section 3.5], applied separately on the intervals [0; d] and [d; 1] to
extend this to the global error bound. This completes the proof.
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6. Numerical results
Consider the following particular problem from the problem class (1):
(yss + pys − yt)(s; t) = f(s); s = d(t); (16a)
y(0; t) = 0; y(1; t) = 1; (16b)
y(s; 0) = g(s); 0¡s¡ 1; (16c)
p(s; t) =−1; s¡d(t); p(s; t) = 1; s¿d(t); (16d)
f(s) = s
(
4s− 1
3
)3
; g(s) = s
(
4s− 1
3
)4
; (16e)
0¡d(t) = 0:25(t2 + 1)¡ 1; 06 t6 1: (16f)
Table 1
Computed maximum pointwise error EN and the computed -uniform errors, E
N , for the numerical method (9) applied to
problem (16) for a variety of values of  and N
Number of Intervals N
 8 16 32 64 128 256
2−0 1.06e-01 8.02e-02 5.63e-02 3.48e-02 1.87e-02 9.13e-03
2−1 8.44e-02 6.29e-02 4.00e-02 2.28e-02 1.21e-02 5.71e-03
2−2 6.63e-02 4.75e-02 2.89e-02 1.58e-02 8.34e-03 3.85e-03
2−3 7.89e-02 5.34e-02 3.17e-02 1.76e-02 9.24e-03 4.42e-03
2−4 1.19e-01 8.53e-02 5.45e-02 2.96e-02 1.46e-02 6.46e-03
2−5 1.35e-01 1.25e-01 9.12e-02 5.57e-02 2.93e-02 1.32e-02
2−6 1.66e-01 1.60e-01 1.29e-01 8.71e-02 5.02e-02 2.42e-02
2−7 1.88e-01 1.85e-01 1.59e-01 1.16e-01 7.29e-02 3.79e-02
2−8 2.00e-01 2.07e-01 1.82e-01 1.39e-01 9.25e-02 5.14e-02
2−9 2.05e-01 2.22e-01 1.98e-01 1.54e-01 1.07e-01 6.21e-02
2−10 2.06e-01 2.30e-01 2.06e-01 1.63e-01 1.15e-01 6.90e-02
2−11 2.12e-01 2.34e-01 2.10e-01 1.68e-01 1.20e-01 7.29e-02
2−12 2.15e-01 2.36e-01 2.12e-01 1.71e-01 1.22e-01 7.49e-02
2−13 2.17e-01 2.38e-01 2.13e-01 1.72e-01 1.23e-01 7.59e-02
2−14 2.18e-01 2.38e-01 2.14e-01 1.73e-01 1.24e-01 7.64e-02
2−15 2.18e-01 2.39e-01 2.14e-01 1.73e-01 1.24e-01 7.67e-02
2−16 2.19e-01 2.39e-01 2.14e-01 1.74e-01 1.25e-01 7.68e-02
. . . . . .
. . . . . .
. . . . . .
2−32 2.19e-01 2.39e-01 2.14e-01 1.74e-01 1.25e-01 7.70e-02
EN 2.19e-01 2.39e-01 2.14e-01 1.74e-01 1.25e-01 7.70e-02
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Surface Plot of Solution for N=64, eps=2^-8
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Fig. 1. Surface plot of the numerical approximation generated by the numerical method (9) applied to problem (16) for
 = 2−8 and with N = 64.
Note the strong compatibility imposed at the internal corner point (0:25; 0)
dkf
dsk
(0:25; 0) =
dk+1g
dsk+1
(0:25) = 0; k = 0; 1; 2:
As we do not have an exact solution for the above problem we use the piecewise bilinear interpolant
of the numerical solution on the ;nest available mesh, viz. LU 1024 as an approximation to the exact
solution. Then we de;ne computed maximum pointwise errors, EN and E as follows
EN = max06i; j6N
|UN (xi; tj)− LU 1024(xi; tj)|; EN = max
=1;2−1 ;:::;2−32
EN :
Table 1 presents the computed errors, EN , and the computed -uniform errors, E
N , for a variety of
values of  and N . Note that for N¿ 16, the computed -uniform errors, EN , decrease monotonically
as N increases.
In Fig. 1 we present a surface plot of the numerical solution for N = 64 and = 2−8.
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